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Abstract
In this paper, we present pathwise counterparts of Doob’s maximal inequalities
(on the probability of exceeding a level) for submartingales and supermartingales.
Recently a new method of proving martingale inequalities became popular. Namely,
they are derived (and thus often improved) from elementary deterministic inequalities.
As typical examples, let us mention Doob’s maximal Lp- and L logL-inequalities [1] and
the Burkholder–Davis–Gundy inequality [3]. Deterministic inequalities have a natural
interpretation in terms of robust hedging of options, see [10], which served as the impetus
for their appearance. We also mention the papers [12], [4], [2], [5], [9], [11], dealing with
similar problems.
The purpose of this note is to present elementary pathwise counterparts of Doob’s
maximal inequalities on the probability of exceeding a level. Substituting a trajectory
of a stochastic process in our inequality and taking expectations, we obtain Doob’s in-
equality for supermartingales and submartingales, see [7, Chapter VII, Theorem 3.2], due
to the fact that one of the terms in the inequalities can be dropped if the process is
a supermartingale (in the case of the first inequality) or a submartingale (in the case
of the second one). We also show that the pathwise counterparts of Doob’s maximal
Lp- and L logL-inequalities from the paper [1] can be obtained by integration from our
inequalities.
Let x = (x0, . . . , xn) be a vector of real numbers. Put
x¯k = max {x0, . . . , xk}, k = 0, . . . n; ∆xk = xk − xk−1, k = 1, . . . n.
The symbol 1A stands for the indicator function that is 1 on a set A and 0 outside A.
Theorem 1. For any λ ∈ R,
λ1{x¯n>λ} 6 x0 ∧ λ+
n∑
k=1
1{x¯k−1<λ}∆xk − xn1{x¯n<λ}, (1)
λ1{x¯n>λ} 6 −(x0 − λ)1{x0>λ} −
n∑
k=1
1{x¯k−1>λ}∆xk + xn1{x¯n>λ}. (2)
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The proof of inequalities (1) and (2) reduces to their trivial verification in three cases:
x¯n < λ, x0 > λ x¯j−1 < λ 6 xj (j = 1, . . . n). Moreover, in the first two cases both
inequalities are equalities and, in the third case, the difference of the right-hand and
left-hand sides equals xj − λ in both inequalities.
Now let X = (Xk)k=0,1,...,n be a stochastic process given on a filtered probability space
(Ω,F , (Fk)k=0,1,...,n,P).
Corollary 1. Let λ ∈ R.
(i) If X is a supermartingale, then
λP(X¯n > λ) 6 E(X0 ∧ λ)−
∫
{X¯n<λ}
Xn dP. (3)
(ii) If X is a submartingale, then
λP(X¯n > λ) 6 −E
[
(X0 − λ)1{X0>λ}
]
+
∫
{X¯n>λ}
Xn dP. (4)
Inequalities (3) and (4) slightly improve the original inequalities due to Doob [7,
Chapter VII, Theorem 3.2] that are obtained if we replace E(X0 ∧ λ) by E(X0) in (3) and
drop the first term −E
[
(X0 − λ)1{X0>λ}
]
on the right in (4).
Now let all x0, . . . , xn be nonnegative, p > 1, q = p/(p − 1). Then the following
relations hold, where the first inequality follows from (2) and the second one follows from
the inequality ab 6 ap/p+ bq/q (a, b > 0):
x¯pn = p
∞∫
0
λp−11{x¯n>λ} dλ
6 p
∞∫
0
λp−2xn1{x¯n>λ} dλ− p
∞∫
0
λp−2(x0 − λ)1{x0>λ} dλ− p
n∑
k=1
∞∫
0
λp−21{x¯k−1>λ}∆xk dλ
= qxnx¯
p−1
n − qx
p
0 + x
p
0 − q
n∑
k=1
x¯p−1k−1∆xk
6
x¯pn
q
+
qpxpn
p
− (q − 1)xp0 − q
n∑
k=1
x¯p−1k−1∆xk.
Therefore,
x¯pn 6 q
pxpn − qx
p
0 − qp
n∑
k=1
x¯p−1k−1∆xk. (5)
Inequality (5) was obtained in [1]. It implies the following minor generalization of Doob’s
maximal Lp-inequality: if X is a nonnegative submartingale and EXpn <∞, then
E
[
X¯pn
]
6 qpE[Xpn]− qE[X
p
0 ],
2
see [6].
In conclusion let us consider the case p = 1. Assume additionally that x0 > 0. Then
the following relations hold, where the first inequality follows from (2) and the second one
follows from the inequality a log b 6 a log a+ e−1b (a > 0, b > 0):
x¯n = x0 +
∞∫
x0
1{x¯n>λ} dλ
6 x0 + xn
∞∫
x0
λ−11{x¯n>λ} dλ−
n∑
k=1
∆xk
∞∫
x0
λ−11{x¯k−1>λ} dλ
= x0 + xn log x¯n − xn log x0 −
n∑
k=1
log(x¯k−1/x0)∆xk
6 x0 + xn log(xn/x0) + e
−1x¯n −
n∑
k=1
log(x¯k−1/x0)∆xk.
Therefore,
x¯n 6
e
e− 1
[
x0 + xn log(xn/x0)−
n∑
k=1
log(x¯k−1/x0)∆xk
]
(6)
=
e
e− 1
[
x0(1− log x0) + xn log xn −
n∑
k=1
log x¯k−1∆xk
]
. (7)
This inequality with the right-hand side as in (7) is proved in [1]. Rewriting it in the
form (6) allows us to drop the last term with the sum after substituting a nonnegative
submartingaleX for x and taking expectations. At the same time, in general, the last term
in (7) has an indefinite sign after substituting a submartingale and taking expectations
if X is not a martingale. More precisely, if X is a nonnegative martingale such that
E[Xn log Xn] < +∞, then the inequality
E[X¯n] 6
e
e− 1
{
E[X0(1− logX0)] + E[Xn log Xn]
}
(8)
holds. It is easy to see that this is not true in general if X is a (strictly positive) sub-
martingale: it is enough to put n = 1, X0 = ε, where ε > 0 is small enough, and X1 = 1.
In other words, inequality (Doob-L1) in the statement of Theorem 1.1 in [1] is valid for
nonnegative martingales and is not valid for submartingales as is stated in this theorem.
Nevertheless, the following improvement of Doob’s maximal L log L-inequality is true: for
any nonnegative submartingale X ,
E[X¯n] 6
e
e− 1
{
1 + E[Xn log Xn]
}
. (9)
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For martingales, (9) follows from (8). If X is a submartingale, then the inequality follows
from (9) applied to the martingale Yk = E[Xn|Fk], since, clearly, Yn = Xn and Y¯n > X¯n.
Recall that, in Doob’s maximal L log L-inequality, unlike (9), there appears log+ instead
of log, and that the constant e/(e− 1) in (9) is optimal, see [8].
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